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Abstrat
In this paper we further develop the method of quaternion typi-
ation of Cliord algebra elements suggested by the author in the
previous papers. On the basis of new lassiation of Cliord algebra
elements it is possible to nd out and prove a number of new prop-
erties of Cliord algebra. In partiular, we nd subalgebras and Lie
subalgebras of Cliord algebra and subalgebras of the Lie algebra of
the pseudo-unitary Lie group.
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In this paper we further develop the method of quaternion typiation
of Cliord algebra elements suggested by the author in the previous papers.
On the basis of new lassiation of Cliord algebra elements it is possible
to nd out and prove a number of new properties of Cliord algebra. In
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partiular, we nd subalgebras and Lie subalgebras of Cliord algebra and
subalgebras of the Lie algebra of the pseudo-unitary Lie group. We nd all
subalgebras in the form of linear ombinations of elements of the given ranks
or types. We develop results of [5℄ and use results of [3℄ and [4℄.
In the rst setion we shortly remind basis of the method of quaternion
typiation of Cliord algebra elements [5℄.
1 Main ideas of the method of quaternion typ-
iation of Cliord algebra elements
Let p, q be nonnegative integer numbers and p+ q = n, n ≥ 1. Consider the
real Cliord algebra CℓR(p, q) or the omplex Cliord algebra CℓC(p, q). In the
ase when results are true for both ases, we write Cℓ(p, q). The onstrution
of Cliord algebra Cℓ(p, q) is disussed in details in [1℄ or [3℄. Let e be the
identity element and let ea, a = 1, . . . , n be generators of the Cliord algebra
Cℓ(p, q),
eaeb + ebea = 2ηabe,
where η = ||ηab|| is the diagonal matrix with p piees of +1 and q piees of
−1 on the diagonal. Elements
ea1...ak = ea1 . . . eak , a1 < . . . < ak, k = 1, . . . , n,
together with the identity element e, form the basis of the Cliord algebra.
The number of basis elements is equal to 2n.
We denote by Cℓk(p, q) the vetor spaes that span over the basis elements
ea1...ak . Elements of Cℓk(p, q) are said to be elements of rank k. Sometimes we
denote elements of rank k by
k
W,
k
V , . . . We have the following lassiation
of Cliord algebra elements based on the notion of rank:
Cℓ(p, q) = ⊕nk=0Cℓk(p, q). (1)
So, any Cliord algebra element is an element of some rank or a sum of
elements of dierent ranks:
U =
k1
U +
k2
U + . . .+
km
U , 0 ≤ k1 < . . . < km ≤ n. (2)
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Also we have lassiation of Cliord algebra elements based on the notion
of evenness:
Cℓ(p, q) = Cℓeven(p, q)⊕ Cℓodd(p, q), (3)
where
Cℓeven(p, q) = Cℓ0(p, q)⊕ Cℓ2(p, q)⊕ Cℓ4(p, q)⊕ . . . ,
Cℓodd(p, q) = Cℓ1(p, q)⊕ Cℓ3(p, q)⊕ Cℓ5(p, q)⊕ . . .
Any Cliord algebra element is an even element, an odd element or a sum
of even and odd elements.
Denote by [U, V ] the ommutator and by {U, V } the antiommutator of
Cliord algebra elements U, V ∈ Cℓ(p, q)
[U, V ] = UV − V U, {U, V } = UV + V U (4)
and note that
UV =
1
2
[U, V ] +
1
2
{U, V }. (5)
Consider the Cliord algebra as the vetor spae and represent it in the
form of the diret sum of four subspaes:
Cℓ(p, q) = Cℓ0(p, q)⊕ Cℓ1(p, q)⊕ Cℓ2(p, q)⊕ Cℓ3(p, q), (6)
where
Cℓ0(p, q) = Cℓ0(p, q)⊕ Cℓ4(p, q)⊕ Cℓ8(p, q)⊕ . . . ,
Cℓ1(p, q) = Cℓ1(p, q)⊕ Cℓ5(p, q)⊕ Cℓ9(p, q)⊕ . . . ,
Cℓ2(p, q) = Cℓ2(p, q)⊕ Cℓ6(p, q)⊕ Cℓ10(p, q)⊕ . . . ,
Cℓ3(p, q) = Cℓ3(p, q)⊕ Cℓ7(p, q)⊕ Cℓ11(p, q)⊕ . . .
and in the right hand parts there are diret sums of subspaes with dimen-
sions dier on 4. We suppose that Cℓk(p, q) = ∅ for k > p+ q.
If
k
U∈ Cℓk(p, q), then we have
k
U=
k
U +
k+4
U +
k+8
U + . . . , k = 0, 1, 2, 3.
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We use the following notations:
Cℓkl(p, q) = Cℓk(p, q)⊕ Cℓl(p, q), 0 ≤ k < l ≤ 3.
Cℓklm(p, q) = Cℓk(p, q)⊕ Cℓl(p, q)⊕ Cℓm(p, q), 0 ≤ k < l < m ≤ 3.
If
kl
U∈ Cℓkl(p, q), then
kl
U=
k
U +
l
U= (
k
U +
l
U) + (
k+4
U +
l+4
U ) + . . . , 0 ≤ k < l ≤ 3.
Consider elements of the Cliord algebra Cℓ(p, q) from dierent subspaes
Cℓ0(p, q), Cℓ1(p, q), Cℓ2(p, q), Cℓ3(p, q), Cℓ01(p, q), Cℓ02(p, q),
Cℓ03(p, q), Cℓ12(p, q), Cℓ13(p, q), Cℓ23(p, q), Cℓ012(p, q), (7)
Cℓ013(p, q), Cℓ023(p, q), Cℓ123(p, q), Cℓ0123(p, q) = Cℓ(p, q).
Then we say that these elements have dierent quaternion types (or types).
Elements of subspaes Cℓ0(p, q), Cℓ1(p, q), Cℓ2(p, q), Cℓ3(p, q) are alled ele-
ments of the main quaternion types. Elements of other types are represented
in the form of sums of elements of the main quaternion types. Suppose that
the zero element of the Cliord algebra Cℓ(p, q) belongs to any quaternion
type.
The lassiation of elements of the Cliord algebra Cℓ(p, q) (for all integer
nonnegative numbers p + q = n) on 15 quaternion types (see (7)) and use
statements of Theorem 1 (see [5℄) for alulations of quaternion types of
ommutators and antiommutators of Cliord algebra elements is the essene
of the method of quaternion typiation of Cliord algebra elements.
Sometimes we denote subspae Cℓk(p, q) by k and any Cliord algebra
element
k
U∈ Cℓk(p, q) by k. When we write "quaternion type k" we mean
by k a symbol of quaternion type (not an Cliord algebra element). Then
[k, l] ⊆ m means that ommutator of any two Cliord algebra elements of
quaternion types k and l belongs to subspae m = Cℓm(p, q). And [k, l] = m
means that for any two Cliord algebra elements of quaternion types k è l
there exists a Cliord algebra element of quaternion type m and it equals to
ommutator.
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Let's remind the denition of the algebra of quaternion type [5℄:
Let A be an n-dimensional algebra over the eld of omplex or real num-
bers. And let algebra A, onsidered as an n-dimensional vetor spae, be
represented in the form of the diret sum of four vetor subspaes
A = E⊕ I⊕ J⊕K. (8)
For the elements of these subspaes we use the following designations
E
A∈ E,
I
B∈ I,
E⊕I
C ∈ E⊕ I, . . .
An algebra A is alled the algebra of quaternion type with respet to an
operation ◦ : A × A → A, if for all elements of onsidered subspaes the
following properties are fullled:
E
A ◦
E
B,
I
A ◦
I
B,
J
A ◦
J
B,
K
A ◦
K
B∈ E,
E
A ◦
I
B,
I
A ◦
E
B,
K
A ◦
J
B,
J
A ◦
K
B∈ I, (9)
E
A ◦
J
B,
J
A ◦
E
B,
I
A ◦
K
B,
K
A ◦
I
B∈ J,
E
A ◦
K
B,
K
A ◦
E
B,
I
A ◦
J
B,
J
A ◦
I
B∈ K.
The operation ◦ unessentially should be assoiative or ommutative.
From Theorem 1 [5℄ we have:
a) The Cliord algebra Cℓ(p, q) is an algebra of quaternion type with respet
to the operation U, V → {U, V } and in this ase
E = Cℓ0(p, q), I = Cℓ1(p, q), J = Cℓ2(p, q), K = Cℓ3(p, q) .
b) The Cliord algebra Cℓ(p, q) is an algebra of quaternion type with respet
to the operation U, V → [U, V ] and in this ase
E = Cℓ2(p, q), I = Cℓ3(p, q), J = Cℓ0(p, q), K = Cℓ1(p, q) .
These statements are equivalent to the following properties:
[
k
U,
k
V ] =
2
W, k = 0, 1, 2, 3;
[
k
U,
2
V ] =
k
W, k = 0, 1, 2, 3;
[
0
U,
1
V ] =
3
W, [
0
U,
3
V ] =
1
W, [
1
U,
3
V ] =
0
W .
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{
k
U,
k
V } =
0
W, k = 0, 1, 2, 3;
{
k
U,
0
V } =
k
W, k = 0, 1, 2, 3;
{
1
U,
2
V } =
3
W, {
1
U,
3
V } =
2
W, {
2
U,
3
V } =
1
W .
Let's write down these and similar expressions in the other notation:
[k, k] ⊆ 2, k = 0, 1, 2, 3;
[k, 2] ⊆ k, k = 0, 1, 2, 3; (10)
[0, 1] ⊆ 3, [0, 3] ⊆ 1, [1, 3] ⊆ 0,
{k, k} ⊆ 0, k = 0, 1, 2, 3;
{k, 0} ⊆ k, k = 0, 1, 2, 3; (11)
{1, 2} ⊆ 3, {1, 3} ⊆ 2, {2, 3} ⊆ 1.
The following tables display ation of ommutator, antiommutator and
Cliord produt of elements of the Cliord algebra of dierent quaternion
types. By A denote the Cliord algebra Cℓ(p, q) = Cℓ0123(p, q).
[, ] 0 1 2 3 01 02 03 12 13 23 012 013 023 123 A
0 2 3 0 1 23 02 12 03 13 01 023 123 012 013 A
1 3 2 1 0 23 13 03 12 02 01 123 023 013 012 A
2 0 1 2 3 01 02 03 12 13 23 012 013 023 123 A
3 1 0 3 2 01 13 12 03 02 23 013 012 123 023 A
01 23 23 01 01 23 A A A A 01 A A A A A
02 02 13 02 13 A 02 A A 13 A A A A A A
03 12 03 03 12 A A 12 03 A A A A A A A
12 03 12 12 03 A A 03 12 A A A A A A A
13 13 02 13 02 A 13 A A 02 A A A A A A
23 01 01 23 23 01 A A A A 23 A A A A A
012 023 123 012 013 A A A A A A A A A A A
013 123 023 013 012 A A A A A A A A A A A
023 012 013 023 123 A A A A A A A A A A A
123 013 012 123 023 A A A A A A A A A A A
A A A A A A A A A A A A A A A A
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{, } 0 1 2 3 01 02 03 12 13 23 012 013 023 123 A
0 0 1 2 3 01 02 03 12 13 23 012 013 023 123 A
1 1 0 3 2 01 13 12 03 02 23 013 012 123 023 A
2 2 3 0 1 23 02 12 03 13 01 023 123 012 013 A
3 3 2 1 0 23 13 03 12 02 01 123 023 013 012 A
01 01 01 23 23 01 A A A A 23 A A A A A
02 02 13 02 13 A 02 A A 13 A A A A A A
03 03 12 12 03 A A 03 12 A A A A A A A
12 12 03 03 12 A A 12 03 A A A A A A A
13 13 02 13 02 A 13 A A 02 A A A A A A
23 23 23 01 01 23 A A A A 01 A A A A A
012 012 013 023 123 A A A A A A A A A A A
013 013 012 123 023 A A A A A A A A A A A
023 023 123 012 013 A A A A A A A A A A A
123 123 023 013 012 A A A A A A A A A A A
A A A A A A A A A A A A A A A A
0 1 2 3 01 02 03 12 13 23 012 013 023 123 A
0 02 13 02 13 A 02 A A 13 A A A A A A
1 13 02 13 02 A 13 A A 02 A A A A A A
2 02 13 02 13 A 02 A A 13 A A A A A A
3 13 02 13 02 A 13 A A 02 A A A A A A
01 A A A A A A A A A A A A A A A
02 02 13 02 13 A 02 A A 13 A A A A A A
03 A A A A A A A A A A A A A A A
12 A A A A A A A A A A A A A A A
13 13 02 13 02 A 13 A A 02 A A A A A A
23 A A A A A A A A A A A A A A A
012 A A A A A A A A A A A A A A A
013 A A A A A A A A A A A A A A A
023 A A A A A A A A A A A A A A A
123 A A A A A A A A A A A A A A A
A A A A A A A A A A A A A A A A
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2 Subalgebras in the form of linear ombina-
tions of elements of the given types
The method of quaternion typiation of Cliord algebra elements allow us
to prove a number of new properties of Cliord algebras.
In this setion we denote CℓR
k
(p, q) by k and CℓC
k
(p, q) by k⊕ ik .
Theorem 1. a) The subspae
02 = CℓReven(p, q) (12)
forms subalgebra of the real Cliord algebra CℓR(p, q).
b) Subspaes
02 = CℓReven(p, q), 02⊕ i02 = Cℓ
C
even(p, q), (13)
02⊕ i13 = CℓReven(p, q)⊕ iCℓ
R
odd(p, q), 0123 = Cℓ
R(p, q)
form subalgebras of the omplex Cliord algebra CℓC(p, q).
Proof. With the aid of written out above table the proof of this theorem
is straightforward. 
Theorem 2. a) Subspaes
2, 02, 12, 23 (14)
of the real Cliord algebra CℓR(p, q) are losed with respet to the ommutator
U, V → [U, V ] and, hene, form Lie algebras w.r.t. the ommutator.
b) Subspaes
2, 02, 12, 23, 0123,
02⊕ i02, 12⊕ i12, 23⊕ i23, (15)
2⊕ i0, 2⊕ i1, 2⊕ i2, 2⊕ i3,
02⊕ i13, 12⊕ i03, 23⊕ i01
of the omplex Cliord algebra CℓC(p, q) are losed with respet to the om-
mutator U, V → [U, V ] and, hene, form Lie algebras w.r.t the ommutator.
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Theorem 3. a) Subspaes
0, 01, 02, 03 (16)
of the real Cliord algebra CℓR(p, q) are losed with respet to the operation
U, V → {U, V } and form subalgebras of the Cliord algebra onsidered with
respet to the operation U, V → {U, V }.
b) Subspaes
0, 01, 02, 03, 0123,
01⊕ i01, 02⊕ i02, 03⊕ i03, (17)
0⊕ i0, 0⊕ i1, 0⊕ i2, 0⊕ i3,
01⊕ i23, 02⊕ i13, 03⊕ i12
of the omplex Cliord algebra CℓC(p, q) are losed with respet to the anti-
ommutator U, V → {U, V } and form subalgebras of the Cliord algebra
onsidered with respet to the operation U, V → {U, V }.
Proof. With the aid of (10),(11) (or see above tables) the proof of this
theorem is straightforward.
Now we onsider the notions of the pseudo-unitary group WCℓC(p, q) of
the omplex Cliord algebra and the Lie algebra wCℓC(p, q) of the Lie group
WCℓC(p, q) (see in [4℄).
Consider the following set of Cliord algebra elements:
WCℓC(p, q) = {U ∈ CℓC(p, q) : U∗U = e}, (18)
where * is the operation of Cliord onjugation [3℄ with properties
e∗ = e, (ea)∗ = ea, (λ ea1ea2 . . . eak)∗ = λ eak . . . ea1 ,
λ is a omplex number and λ is the onjugated omplex number. This set
forms a (Lie) group with respet to the Cliord produt and this group is
alled the pseudo-unitary group of the Cliord algebra Cℓ(p, q) .
The set of elements with the ommutator [U, V ] = UV − V U
wCℓC(p, q) = {u ∈ CℓC(p, q) : u∗ = −u}. (19)
is the Lie algebra of the Lie group WCℓC(p, q).
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From this denition and from the denition of Cliord onjugation it
follows that an arbitrary element of this Lie algebra has the form
u = i
0
u +i
1
u +
2
u +
3
u +i
4
u +i
5
u + . . .+ an
n
u=
n∑
k=0
ak
k
u,
where
k
u∈ CℓRk (p, q) and
ak =
{
1, k = 2, 3, 6, 7, . . .;
i, k = 0, 1, 4, 5, . . .
So
wCℓC(p, q) = iCℓR0 (p, q)⊕ iCℓ
R
1 (p, q)⊕ Cℓ
R
2 (p, q)⊕ Cℓ
R
3 (p, q). (20)
Theorem 4. The Lie algebra wCℓC(p, q) of the Lie group WCℓC(p, q) is an
algebra of quaternion type with respet to the operation U, V → [U, V ]
and
E = CℓR2 (p, q), I = Cℓ
R
3 (p, q), J = iCℓ
R
0 (p, q), K = iCℓ
R
1 (p, q) .
Proof. The statement of the theorem is equivalent to the following prop-
erties:
[ik, ik] ⊆ 2, k = 0, 1,
[k, k] ⊆ 2, k = 2, 3,
[ik, 2] ⊆ ik, k = 0, 1, (21)
[k, 2] ⊆ k, k = 3,
[i0, i1] ⊆ 3, [i0, 3] ⊆ i1, [i1, 3] ⊆ i0.
But these formulas follow from (10). These ompletes the proof of the theo-
rem. 
Theorem 5. Subspaes
2, 2⊕ i0, 2⊕ i1, 23 (22)
of the omplex Cliord algebra CℓC(p, q) are losed with respet to the oper-
ation U, V → [U, V ] and form subalgebras of the Lie algebra wCℓC(p, q) of
the pseudo-unitary group of the Cliord algebra.
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Proof. With the aid of (15) and (20) the proof of this theorem is
straightforward.
Theorem 6. The following subspaes form subgroups of pseudo-unitary
group WCℓC(p, q). The Lie algebras from Theorem 5 orrespond to these
Lie groups.
Lie algebra Lie group
2 {U ∈ 02 = CℓReven(p, q) : U
∗U = e}
2⊕ i0 {U ∈ 02⊕ i02 = CℓCeven(p, q) : U
∗U = e}
2⊕ i1 {U ∈ 02⊕ i13 = CℓReven(p, q)⊕ iCℓ
R
odd(p, q) : U
∗U = e}
23 {U ∈ 0123 = CℓR(p, q) : U∗U = e}
Proof. Let's prove, for example, the rst of four statements. Let U be an
element of Lie group {U ∈ 02 : U∗U = e}. Then
U = e+ εu, (23)
where ε2 = 0 and u - an element of the real Lie algebra of this Lie group
(there is only one suh Lie algebra). Then
e = U∗U = (e+ εu∗)(e+ εu) = e + ε(u+ u∗).
So, for element of Lie algebra we have u∗ = −u, i.e. u ∈ 23⊕ i01. But also
u ∈ 02. Thus, u ∈ 2.
3 Subalgebras in the form of linear ombina-
tions of elements of the given ranks
Note that lassiation of Cliord algebra elements based on the notion of
quaternion type is rougher than the lassiation based on the notion of rank.
So, let's disuss our problem in detail. In this setion we searh subalgebras
and Lie subalgebras in the form of linear ombinations of elements of the
given ranks.
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Theorem 7. Let
k
U,
l
V ,
r
W be Cliord algebra Cℓ(p, q) elements of ranks k, l
and r. Then, for all integer n ≥ k ≥ l ≥ 0 we have
k
U
l
V=


k−l
W +
k−l+2
W + . . .+
k+l
W , k + l ≤ n;
k−l
W +
k−l+2
W + . . .+
2n−k−l
W , k + l ≥ n.
(24)
Proof. This statement follows from Theorems 1 and 2 from [4℄. Note
that this theorem makes more exat theorem from [2℄:
k
U
l
V=
k−l
W +
k−l+2
W + . . .+
k+l
W , ãäå
m
W= 0 for m > n, and m < 0
Let denote CℓRk (p, q) by k̂.
Theorem 8. a) Subspaes
0̂, 0̂⊕ n̂, 0̂⊕ 2̂⊕ . . .⊕ k̂ = 02, k = n, n− 1 (25)
form subalgebras of the real Cliord algebra CℓR(p, q).
b) Subspaes
0̂, 0̂⊕ n̂,
0̂⊕ 2̂⊕ . . .⊕ k̂ = 02, k = n, n− 1
0̂⊕ i0̂, 0̂⊕ n̂⊕ i0̂⊕ in̂, (26)
0̂⊕ i0̂⊕ 2̂⊕ i2̂ . . .⊕ k̂⊕ ik̂ = 02⊕ i02, k = n, n− 1
0̂⊕ i1̂⊕ 2̂⊕ i3̂⊕ . . . ik(−1)k(k−1)/2n̂ = 02⊕ i13
0̂⊕ 1̂⊕ 2̂⊕ . . .⊕ n̂ = 0123
form subalgebras of the omplex Cliord algebra CℓC(p, q).
Proof. With the aid of Theorem 7 the proof of this theorem is
straightforward.
Let
ak =
{
1, k = 2, 3, 6, 7, . . .;
i, k = 0, 1, 4, 5, . . .
Note that lassiation of subalgebras is onventional in the following theo-
rems. This gradation help us to orientate in great number of subalgebras.
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Theorem 9. The following subspaes of the real Cliord algebra CℓR(p, q)
are losed with respet to the ommutator U, V → [U, V ] and, hene, form
Lie algebras:
1) for n ≥ 1:
0̂;
2) for n ≥ 1:
n̂;
3) for n ≥ 2:
1̂⊕ 2̂;
4) for n ≥ 3 (if n = 2 it is the same as item 2):
2̂;
5) for n ≥ 4 (if n = 2, 3 it is the same as item 3):
1̂⊕ 2̂⊕ . . .⊕ n̂
for even n,
1̂⊕ 2̂⊕ . . .⊕ n̂-1
for odd n;
6) for n ≥ 4:
2̂⊕ n̂-1;
7) for n ≥ 5:
2̂⊕ n̂-2;
8) for n ≥ 6 (if n = 5 it is the same as item 5):
1̂⊕ 2̂⊕ n̂-2⊕ n̂-1
for odd n ,
1̂⊕ 2̂⊕ n̂-1⊕ n̂
for even n;
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9) for n ≥ 6 (if n = 2, 3 it is the same as item 4, if n = 4 it is the same as
item 6, if n = 5 it is the same as item 7):
2̂⊕ 3̂⊕ 6̂⊕ 7̂⊕ 1̂0⊕ 1̂1⊕ . . .⊕ k̂ = 23
for n = k + 1, k + 2 for odd k and n = k, k + 1 for even k;
10) for n ≥ 7 (if n = 3, 4 it is the same as item 4, if n = 5 it is the same as
item 6, if n = 6 it is the same as item 7):
2̂⊕ 4̂⊕ 6̂⊕ 8̂⊕ 1̂0⊕ 1̂2⊕ . . .⊕ k̂ = 02
for n = k + 1, k + 2;
11) for n ≥ 8 (if n = 2, 3, 4, 5 it is the same as item 3, if n = 6, 7 it is the
same as item 8):
1̂⊕ 2̂⊕ 5̂⊕ 6̂⊕ 9̂⊕ 1̂0⊕ . . .⊕ k̂ = 12
for n = k, k + 1, k + 2, k + 3 for even k;
12) for n ≥ 9 (if n = 3, 4, 5, 6 it is the same as item 4, if n = 7 it is the same
as item 6, if n = 8 it is the same as item 7):
2̂⊕ 6̂⊕ 1̂0⊕ 1̂4⊕ 1̂8⊕ 2̂2⊕ . . .⊕ k̂ = 2
for n = k + 1, k + 2, k + 3, k + 4.
(In all items equality to subspaes of quaternion types are understood to
within an element of rank 0 and rank n).
Besides, the diret sums of all listed subalgebras with 0̂ are also Lie subal-
gebras for any n. The diret sums of all listed subalgebras with n̂ are Lie
subalgebras for odd n. Also we an add n̂ to subalgebras that onsist of
elements of even ranks for even n. (These ases aren't in the 1)-12) items of
the theorem beause we get reduible subalgebras.)
Theorem 10. The following subspaes of the omplex Cliord algebra
CℓC(p, q) are losed with respet to the ommutator U, V → [U, V ] and,
hene, form Lie algebras:
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1.1-1.3) for n ≥ 1:
0̂,
i0̂,
0̂⊕ i0̂;
2.1-2.3) for n ≥ 1:
n̂,
in̂,
n̂⊕ in̂;
3.1-3.3) for n ≥ 2:
1̂⊕ 2̂,
i1̂⊕ 2̂,
1̂⊕ 2̂⊕ i1̂⊕ i2̂;
4.1-4.2) for n ≥ 3 (if n = 2 it is the same as item 2):
2̂,
2̂⊕ i2̂;
5.1-5.5) for n ≥ 4 (if n = 2, 3 it is the same as item 3):
1̂⊕ 2̂⊕ . . .⊕ n̂ = 0123,
i1̂⊕ 2̂⊕ . . .⊕ ann̂ = 23⊕ i01,
i1̂⊕ 2̂⊕ . . .⊕ in(−1)n(n−1)/2n̂ = 02⊕ i13,
1̂⊕ 2̂⊕ . . .⊕ an+1n̂ = 12⊕ i03,
1̂⊕ 2̂⊕ . . .⊕ n̂⊕ i1̂⊕ i2̂⊕ . . .⊕ in̂ = 0123⊕ i0123
for even n;
1̂⊕ 2̂⊕ . . .⊕ n̂-1 = 0123,
i1̂⊕ 2̂⊕ . . .⊕ an−1n̂-1 = 23⊕ i01,
i1̂⊕ 2̂⊕ . . .⊕ in−1(−1)(n−1)(n−2)/2n̂-1 = 02⊕ i13,
1̂⊕ 2̂⊕ . . .⊕ ann̂-1 = 12⊕ i03,
1̂⊕ 2̂⊕ . . .⊕ n̂-1⊕ i1̂⊕ i2̂⊕ . . .⊕ in̂-1 = 0123⊕ i0123
for odd n;
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6.1-6.3) for n ≥ 4:
2̂⊕ n̂-1,
2̂⊕ n̂-1⊕ i2̂⊕ in̂-1,
2̂⊕ in̂-1;
7.1-7.3) for n ≥ 5:
2̂⊕ n̂-2,
2̂⊕ n̂-2⊕ i2̂⊕ in̂-2,
2̂⊕ in̂-2;
8.1-8.5) for n ≥ 6 (if n = 5 it is the same as item 5):
1̂⊕ 2̂⊕ n̂-2⊕ n̂-1,
1̂⊕ 2̂⊕ n̂-2⊕ n̂-1⊕ i1̂⊕ i2̂⊕ in̂-2⊕ in̂-1,
1̂⊕ 2̂⊕ in̂-2⊕ in̂-1,
i1̂⊕ 2̂⊕ n̂-2⊕ in̂-1,
i1̂⊕ 2̂⊕ in̂-2⊕ n̂-1
for odd n ;
1̂⊕ 2̂⊕ n̂-1⊕ n̂,
1̂⊕ 2̂⊕ n̂-1⊕ n̂⊕ i1̂⊕ i2̂⊕ in̂-1⊕ in̂,
1̂⊕ 2̂⊕ in̂-1⊕ in̂,
i1̂⊕ 2̂⊕ n̂-1⊕ in̂,
i1̂⊕ 2̂⊕ in̂-1⊕ n̂
for even n;
9.1-9.3) for n ≥ 6 (if n = 2, 3 it is the same as item 4, if n = 4 it is the same
as item 6, if n = 5 it is the same as item 7):
2̂⊕ 3̂⊕ 6̂⊕ 7̂⊕ 1̂0⊕ 1̂1⊕ . . .⊕ k̂ = 23,
2̂⊕ i3̂⊕ 6̂⊕ i7̂⊕ 1̂0⊕ i1̂1⊕ . . .⊕ ak+2k̂ = 2⊕ i3,
2̂⊕ 3̂⊕ 6̂⊕ 7̂⊕ . . .⊕ k̂⊕ i2̂⊕ i3̂⊕ i6̂⊕ i7̂⊕ . . .⊕ ik̂ = 23⊕ i23
for n = k + 1, k + 2 for odd k and n = k, k + 1 for even k;
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10.1-10.3) for n ≥ 7 (if n = 3, 4 it is the same as item 4, if n = 5 it is the
same as item 6, if n = 6 it is the same as item 7):
2̂⊕ 4̂⊕ 6̂⊕ 8̂⊕ 1̂0⊕ 1̂2⊕ . . .⊕ k̂ = 02,
2̂⊕ i4̂⊕ 6̂⊕ i8̂⊕ 1̂0⊕ i1̂2⊕ . . .⊕ akk̂ = 2⊕ i0
2̂⊕ 4̂⊕ 6̂⊕ 8̂⊕ . . .⊕ k̂⊕ i2̂⊕ i4̂⊕ i6̂⊕ i8̂⊕ . . .⊕ ik̂ = 02⊕ i02
for n = k + 1, k + 2;
11.1-11.3) for n ≥ 8 (if n = 2, 3, 4, 5 it is the same as item 3, if n = 6, 7 it
is the same as item 8):
1̂⊕ 2̂⊕ 5̂⊕ 6̂⊕ 9̂⊕ 1̂0⊕ . . .⊕ k̂ = 12,
i1̂⊕ 2̂⊕ i5̂⊕ 6̂⊕ i9̂⊕ 1̂0⊕ . . .⊕ akk̂ = 2⊕ i1
1̂⊕ 2̂⊕ 5̂⊕ 6̂⊕ . . .⊕ k̂⊕ i1̂⊕ i2̂⊕ i5̂⊕ i6̂⊕ . . .⊕ ik̂ = 12⊕ i12
for n = k, k + 1, k + 2, k + 3 for even k;
12.1-12.2) for n ≥ 9 (if n = 3, 4, 5, 6 it is the same as item 4, if n = 7 it is
the same as item 6, if n = 8 it is the same as item 7):
2̂⊕ 6̂⊕ 1̂0⊕ 1̂4⊕ 1̂8⊕ 2̂2⊕ . . .⊕ k̂ = 2,
2̂⊕ 6̂⊕ 1̂0⊕ 1̂4⊕ . . .⊕ k̂⊕ i2̂⊕ i6̂⊕ i1̂0⊕ i1̂4⊕ . . .⊕ ik̂ = 2⊕ i2
for n = k + 1, k + 2, k + 3, k + 4.
(In all items equality to subspaes of quaternion types are understood to
within an element of rank 0 or rank n).
Besides, the diret sums of all listed subalgebras with 0̂, i0̂ are also Lie sub-
algebras for any n. The diret sums of all listed subalgebras with n̂, in̂ are
Lie subalgebras for odd n. Also we an add n̂, in̂ to subalgebras that onsist
of elements of even ranks for even n. (These ases aren't in the 1)-12) items
of the theorem beause we get reduible subalgebras.)
Theorem 11. The following subspaes of the real Cliord algebra CℓR(p, q)
are losed with respet to the antiommutator U, V → {U, V } and, hene,
form subalgebras of the Cliord algebra onsidered with respet to the oper-
ation U, V → {U, V }:
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1) for n ≥ 1:
0̂;
2) for n ≥ 2:
0̂⊕ 1̂;
3) for n ≥ 2:
0̂⊕ n̂;
4) for n ≥ 3:
0̂⊕ n̂-1;
5) for n ≥ 4:
0̂⊕ 1̂⊕ n̂
for even n;
6) for n ≥ 4:
0̂⊕ n̂-1⊕ n̂
for even n;
7) for n ≥ 4 (if n = 1 it is the same as item 1, if n = 2 it is the same as
item 3, if n = 3 it is the same as item 4):
0̂⊕ 2̂⊕ 4̂⊕ 6̂⊕ 8̂⊕ 1̂0⊕ . . .⊕ k̂ = 02
for n = k + 1, k + 2;
8) for n ≥ 5:
0̂⊕ 1̂⊕ n̂-1⊕ n̂
for odd n;
9) for n ≥ 5 (if n = 1, 2 it is the same as item 1, if n = 3 it is the same as
item 3, if n = 4 it is the same as item 6):
0̂⊕ 3̂⊕ 4̂⊕ 7̂⊕ 8̂⊕ 1̂1⊕ . . .⊕ k̂ = 03
for n = k, k + 1, k + 2 for even k and n = k for odd k;
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10) for n ≥ 6 (if n = 2, 3 it is the same as item 2, if n = 4 it is the same as
item 5, if n = 5 it is the same as item 8):
0̂⊕ 1̂⊕ 4̂⊕ 5̂⊕ 8̂⊕ 9̂⊕ . . .⊕ k̂ = 01
for n = k, k + 1, k + 2 for odd k and n = k for even k;
11) for n ≥ 6 (if n = 1, 2, 3 it is the same as item 1, if n = 4 it is the same
as item 3, if n = 5 it is the same as item 4):
0̂⊕ 4̂⊕ 8̂⊕ 1̂2⊕ 1̂6⊕ 2̂0⊕ . . .⊕ k̂ = 0
for n = k, k + 1, k + 2, k + 3.
Theorem 12. The following subspaes of the omplex Cliord algebra
CℓC(p, q) are losed with respet to the antiommutator U, V → {U, V }
and, hene, form subalgebras of the Cliord algebra onsidered with respet
to the operation U, V → {U, V }:
1.1-1.2) for n ≥ 1:
0̂,
0̂⊕ i0̂;
2.1-2.3) for n ≥ 2:
0̂⊕ 1̂,
0̂⊕ i1̂,
0̂⊕ 1̂⊕ i0̂⊕ i1̂;
3.1-3.3) for n ≥ 2:
0̂⊕ n̂,
0̂⊕ in̂,
0̂⊕ n̂⊕ i0̂⊕ in̂;
4.1-4.3) for n ≥ 3:
0̂⊕ n̂-1,
0̂⊕ in̂-1,
0̂⊕ n̂-1⊕ i0̂⊕ in̂-1;
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5.1-5.5) for n ≥ 4:
0̂⊕ 1̂⊕ n̂,
0̂⊕ i1̂⊕ in̂,
0̂⊕ i1̂⊕ n̂,
0̂⊕ 1̂⊕ in̂,
0̂⊕ 1̂⊕ n̂⊕ i0̂⊕ i1̂⊕ in̂
for even n;
6.1-6.5) for n ≥ 4:
0̂⊕ n̂-1⊕ n̂,
0̂⊕ in̂-1⊕ in̂,
0̂⊕ in̂-1⊕ n̂,
0̂⊕ n̂-1⊕ in̂,
0̂⊕ n̂-1⊕ n̂⊕ i0̂⊕ in̂-1⊕ in̂
for even n;
7.1-7.3) for n ≥ 4 (if n = 1 it is the same as item 1, if n = 2 it is the same
as item 3, if n = 3 it is the same as item 4):
0̂⊕ 2̂⊕ 4̂⊕ 6̂⊕ 8̂⊕ 1̂0⊕ . . .⊕ k̂ = 02,
0̂⊕ i2̂⊕ 4̂⊕ i6̂⊕ 8̂⊕ i1̂0⊕ . . .⊕ iakk̂ = 0⊕ i2,
0̂⊕ 2̂⊕ 4̂⊕ 6̂⊕ . . .⊕ k̂⊕ i0̂⊕ i2̂⊕ i4̂⊕ i6̂⊕ . . .⊕ ik̂ = 02⊕ i02
äëÿ n = k + 1, k + 2;
8.1-8.5) for n ≥ 5:
0̂⊕ 1̂⊕ n̂-1⊕ n̂,
0̂⊕ 1̂⊕ in̂-1⊕ in̂,
0̂⊕ i1̂⊕ in̂-1⊕ n̂,
0̂⊕ i1̂⊕ n̂-1⊕ in̂,
0̂⊕ 1̂⊕ n̂-1⊕ n̂⊕ i0̂⊕ i1̂⊕ in̂-1⊕ in̂
for odd n;
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9.1-9.3) for n ≥ 5 (if n = 1, 2 it is the same as item 1, if n = 3 it is the same
as item 3, if n = 4 it is the same as item 6):
0̂⊕ 3̂⊕ 4̂⊕ 7̂⊕ 8̂⊕ 1̂1⊕ . . .⊕ k̂ = 03,
0̂⊕ i3̂⊕ 4̂⊕ i7̂⊕ 8̂⊕ i1̂1⊕ . . .⊕ iakk̂ = 0⊕ i3,
0̂⊕ 3̂⊕ 4̂⊕ 7̂⊕ . . .⊕ k̂⊕ i0̂⊕ i3̂⊕ i4̂⊕ i7̂⊕ . . .⊕ ik̂ = 03⊕ i03
for n = k, k + 1, k + 2 for even k and n = k for odd k;
10.1-10.3) for n ≥ 6 (if n = 2, 3 it is the same as item 2, if n = 4 it is the
same as item 5, if n = 5 it is the same as item 8):
0̂⊕ 1̂⊕ 4̂⊕ 5̂⊕ 8̂⊕ 9̂⊕ . . .⊕ k̂ = 01,
0̂⊕ i1̂⊕ 4̂⊕ i5̂⊕ 8̂⊕ i9̂⊕ . . .⊕ ak−1k̂ = 0⊕ i1,
0̂⊕ 1̂⊕ 4̂⊕ 5̂⊕ . . .⊕ k̂⊕ i0̂⊕ i1̂⊕ i4̂⊕ i5̂⊕ . . .⊕ ik̂ = 01⊕ i01
for n = k, k + 1, k + 2 for odd k and n = k for even k;
11.1-11.2) for n ≥ 6 (if n = 1, 2, 3 it is the same as item 1, if n = 4 it is the
same as item 3, if n = 5 it is the same as item 4):
0̂⊕ 4̂⊕ 8̂⊕ 1̂2⊕ 1̂6⊕ 2̂0⊕ . . .⊕ k̂ = 0,
0̂⊕ 4̂⊕ 8̂⊕ 1̂2⊕ . . .⊕ k̂⊕ i0̂⊕ i4̂⊕ i8̂⊕ i1̂2⊕ . . .⊕ ik̂ = 0⊕ i0
for n = k, k + 1, k + 2, k + 3;
12.1-12.4) for n ≥ 2:
0̂⊕ 1̂⊕ 2̂⊕ . . .⊕ n̂ = 0123,
0̂⊕ 1̂⊕ i2̂⊕ . . .⊕ iann̂ = 01⊕ i23,
0̂⊕ i1̂⊕ 2̂⊕ . . .⊕ in(−1)n(n−1)/2n̂ = 02⊕ i13,
0̂⊕ i1̂⊕ i2̂⊕ . . .⊕ an−1n̂ = 03⊕ i12
.
Proof. Proof of Theorems 9, 10, 11, 12 follows from the statements of
Theorems 1 and 2 from [4℄.
Now let's speak about Lie subalgebras of the Lie algebra wCℓ(p, q) of
pseudo-unitary group of Cliord algebra CℓC(p, q). This result an be found
in [4℄.
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Theorem 13. The following subspaes of Cliord algebra CℓC(p, q) form
subalgebras of Lie algebra wCℓ(p, q):
1) for n ≥ 1:
i0̂;
2) for n ≥ 1:
ann̂;
3) for n ≥ 2:
i1̂⊕ 2̂;
4) for n ≥ 3 (if n = 2 it is the same as item 2):
2̂;
5) for n ≥ 4 (if n = 2, 3 it is the same as item 3):
i1̂⊕ 2̂⊕ . . .⊕ ann̂
for even n,
i1̂⊕ 2̂⊕ . . .⊕ an−1n̂-1
for odd n;
6) for n ≥ 4:
2̂⊕ an−1n̂-1;
7) for n ≥ 5:
2̂⊕ an−2n̂-2;
8) for n ≥ 6 if n = 5 it is the same as item 5):
i1̂⊕ 2̂⊕ an−2n̂-2⊕ an−1n̂-1
for odd n ,
i1̂⊕ 2̂⊕ an−1n̂-1⊕ ann̂
for even n;
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9) for n ≥ 6 (if n = 2, 3 it is the same as item 4, if n = 4 it is the same as
item 6, if n = 5 it is the same as item 7):
2̂⊕ 3̂⊕ 6̂⊕ 7̂⊕ 1̂0⊕ 1̂1⊕ . . .⊕ k̂ = 23
for n = k + 1, k + 2 for odd k and n = k, k + 1 for even k;
10) for n ≥ 7 (if n = 3, 4 it is the same as item 4, if n = 5 it is the same as
item 6, if n = 6 it is the same as item 7):
2̂⊕ i4̂⊕ 6̂⊕ i8̂⊕ 1̂0⊕ i1̂2⊕ . . .⊕ akk̂ = 2⊕ i0
äëÿ n = k + 1, k + 2;
11) for n ≥ 8 (if n = 2, 3, 4, 5 it is the same as item 3, if n = 6, 7 it is the
same as item 8):
i1̂⊕ 2̂⊕ i5̂⊕ 6̂⊕ i9̂⊕ 1̂0⊕ . . .⊕ akk̂ = 2⊕ i1
for n = k, k + 1, k + 2, k + 3 for even k;
12) for n ≥ 9 (if n = 3, 4, 5, 6 it is the same as item 4, if n = 7 it is the same
as item 6, if n = 8 it is the same as item 7):
2̂⊕ 6̂⊕ 1̂0⊕ 1̂4⊕ 1̂8⊕ 2̂2⊕ . . .⊕ k̂ = 2
for n = k + 1, k + 2, k + 3, k + 4.
Besides, the diret sums of all listed subalgebras with i0̂ are also Lie subal-
gebras for any n. The diret sums of all listed subalgebras with ann̂ are Lie
subalgebras for odd n. Also we an add ann̂ to subalgebras that onsist of
elements of even ranks for even n. (These ases aren't in the 1)-12) items of
the theorem beause we get reduible subalgebras.)
Now we want (just as it has been made in the Theorem 6) to nd some
subgroups of pseudo-unitary Lie group WCℓC(p, q) suh that Lie algebras
from Theorem 13 orrespond to these Lie groups. There are 12 types of
these Lie algebras (see previous theorem). It an be easily heked that for
Cliord algebra of the suiently big dimension n there are 31 subalgebras
for even n and 43 subalgebras for odd n (we mean subalgebras in the form
of the diret sums of subspaes of the given ranks). Let write down some
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subgroups of Lie group WCℓC(p, q) and Lie algebras that orrespond to these
Lie groups for Cliord algebras of small dimensions n.
n = 1
Lie algebra Lie group
i0̂ {exp(iϕe), ϕ ∈ R} = {(cosϕ)e+ (isinϕ)e, ϕ ∈ R}
i1̂ {exp(iϕe1), ϕ ∈ R} =
{
{(cosϕ)e + (isinϕ)e1, ϕ ∈ R}, (p, q) = (1, 0);
{(chϕ)e+ (ishϕ)e1, ϕ ∈ R}, (p, q) = (0, 1)
n = 2
Lie algebra Lie group
i0̂ {exp(iϕe), ϕ ∈ R} = {(cosϕ)e+ (isinϕ)e, ϕ ∈ R}
2̂ {exp(ϕe12), ϕ ∈ R} =


{(cosϕ)e+ (isinϕ)e12, ϕ ∈ R}, (p, q) = (2, 0);
{(chϕ)e+ (ishϕ)e12, ϕ ∈ R}, (p, q) = (1, 1);
{(cosϕ)e+ (isinϕ)e12, ϕ ∈ R}, (p, q) = (0, 2)
i1̂⊕ 2̂ {U ∈ 0̂⊕ 2̂⊕ i1̂ : U∗U = e}
i0̂⊕ 2̂ {U ∈ 0̂⊕ 2̂⊕ i0̂⊕ i2̂ = CℓCeven(p, q) : U
∗U = e}
n = 3
Lie algebra Lie group
i0̂ {exp(iϕe), ϕ ∈ R} = {(cosϕ)e+ (isinϕ)e, ϕ ∈ R}
3̂ {exp(ϕe123), ϕ ∈ R}
i1̂⊕ 2̂ {U ∈ 0̂⊕ 2̂⊕ i1̂⊕ i3̂ : U∗U = e}
i0̂⊕ 2̂ {U ∈ 0̂⊕ 2̂⊕ i0̂⊕ i2̂ = CℓCeven(p, q) : U
∗U = e}
2̂ {U ∈ 0̂⊕ 2̂ = CℓReven(p, q) : U
∗U = e}
2̂⊕ 3̂ {U ∈ 0̂⊕ 1̂⊕ 2̂⊕ 3̂ = CℓR(p, q) : U∗U = e}
i1̂⊕ 2̂⊕ 3̂ {U ∈ CℓC(p, q) : det1U = 1, U∗U = e}
n = 4
1
Hereinafter determinant of Cliord algebra element is determinant of any of its matrix
representation of minimal dimension. See [3℄.
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Lie algebra Lie group
i0̂ {exp(iϕe), ϕ ∈ R} = {(cosϕ)e+ (isinϕ)e, ϕ ∈ R}
i4̂ {exp(iϕe1234), ϕ ∈ R}
i1̂⊕ 2̂ {U ∈ CℓReven(p, q)⊕ iCℓ
R
odd(p, q) : U
∗U = e}
2̂ {U ∈ 0̂⊕ 2̂⊕ 4̂ = CℓReven(p, q) : U
∗U = e}
2̂⊕ 3̂ {U ∈ 0̂⊕ 1̂⊕ 2̂⊕ 3̂⊕ 4̂ = CℓR(p, q) : U∗U = e}
i1̂⊕ 2̂⊕ 3̂⊕ i4̂ {U ∈ CℓC(p, q) : detU = 1, U∗U = e}
i0̂⊕ 2̂⊕ i4̂ {U ∈ CℓCeven(p, q) : U
∗U = e}
2̂⊕ i4̂ {U ∈ CℓCeven(p, q) : detU = 1, U
∗U = e}
The proof of these statements is similar to the proof of Theorem 6.
Note that Lie algebra i0̂ orrespond to Lie group {exp(iϕe), ϕ ∈ R} =
{(cosϕ)e + (isinϕ)e, ϕ ∈ R} for Cliord algebra CℓC(p, q) of any dimension
n beause Lie algebra u(1) = {iϕ, ϕ ∈ R} orrespond to unitary Lie group
U(1) = {exp(iϕ), ϕ ∈ R}.
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